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Abstract

Subgroup analyses of randomized controlled trials (RCTs) constitute an important component of the drug
development process in precision medicine. In particular, subgroup analyses of early-stage trials often
influence the design and eligibility criteria of subsequent confirmatory trials and ultimately influence
which subpopulations will receive the treatment after regulatory approval. However, subgroup
analyses are often complicated by small sample sizes, which leads to substantial uncertainty about
subgroup-specific treatment effects. We explore the use of external control (EC) data to augment RCT
subgroup analyses. We define and discuss harmonized estimators of subpopulation-specific treatment
effects that leverage EC data. Our approach can be used to modify any subgroup-specific treatment
effect estimates that are obtained by combining RCT and EC data, such as linear regression. We alter
these subgroup-specific estimates to make them coherent with a robust estimate of the average
effect in the randomized population based only on RCT data. The weighted average of the resulting
subgroup-specific harmonized estimates matches the RCT-only estimate of the overall effect in the
randomized population. We discuss the proposed harmonized estimators through analytic results and
simulations, and investigate standard performance metrics. The method is illustrated with a case
study in oncology.

Keywords: historical control, model misspecification, real-world data, shrinkage estimation, subgroup analysis

1 Introduction

Evaluating the efficacy of experimental therapies in subpopulations defined by biomarkers that
modulate the therapeutic mechanisms has become a major goal of precision medicine.
However, the sample size of randomized controlled trials (RCTs) is typically chosen with the
goal of estimating the therapy’s average effect in the randomized population. Consequently,
RCT sample sizes are often insufficient to accurately evaluate treatment effects in the subpopula-
tions of interest. Yet subgroup analyses are often reported despite limited sample sizes. In early-
phase trials these analyses are important for major decisions, such as determining the design
and eligibility criteria for subsequent confirmatory trials (Pletcher & McCulloch, 2017; Sun
et al., 2012). In late phase trials, if the therapy receives regulatory approval, subgroup analyses
may influence how clinicians choose individualized treatment plans for their patients (Dijkman
et al., 2009). Unfortunately, limited resources, time, and patient accrual rates often make it
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infeasible to conduct large trials that can accurately estimate treatment effects within each subpo-
pulation (Sully et al., 2013).

To address this limitation, we investigate potential improvements of RCT subgroup analyses by
including external control (EC) data from patients that were treated with the RCT’s control ther-
apy. We consider EC data from previous trials or electronic health records. At completion of the
RCT we augment the subgroup analyses with patient-level EC data, including relevant pretreat-
ment clinical and demographic variables, and outcomes. Here, we introduce a method that balan-
ces the potential efficiency gains from the integration of external data and the risk of bias from
unmeasured confounding or other distortion mechanisms.

Our work is motivated by two oncology trials in brain and breast cancer that differ substantially
in terms of sample sizes and prevalence of the subgroups of interest. In both cases, subgroup ana-
lyses using only internal RCT data result in high uncertainty on the subgroup-specific treatment
effects. This level of uncertainty affects several decisions, including the choice of designs and eli-
gibility criteria (i.e. selected subgroups) of future confirmatory trials.

(a) Temozolomide for glioblastoma (GBM). A large RCT in GBM, a brain cancer with poor
prognosis, showed that temozolomide used in combination with radiotherapy (TMZ +
RT) is an effective first line treatment compared to radiotherapy alone (Stupp et al.,
20035). As of today TMZ + RT remains the standard of care for GBM. After the RCT results
were reported, the study investigators collected MGMT methylation data, an important
biomarker in neuro-oncology. Subgroup analyses suggested that the treatment effect of
TMZ + RT compared to RT alone may vary by methylation status, with methylation-
positive patients benefiting from TMZ + RT and high uncertainty about whether or not
methylation-negative patients benefit from the combination therapy (Stupp et al., 2009).
The sample size of the biomarker negative subgroup was not sufficient to provide definitive
evidence about treatment efficacy in this subpopulation.

Olapirib for metastatic breast cancer. Olapirib is a promising drug approved to treat meta-
static breast cancer. A recent RCT tested its efficacy in two populations defined by sets of
somatic (population 1) and germline (population 2) mutations. We refer to Tung et al.
(2020) for details. The trial was powered to test efficacy in these two populations. The ana-
lyses indicated that the benefit of olapirib might be limited to some of the patients in popu-
lations 1 and 2 with specific mutations. However, the study had limited power to test efficacy
in narrow subgroups defined by the individual mutations without grouping them into the
broad categories of somatic and germline alterations.

E

Our analyses (Section 4) are based on a recent data collection in GBM (Rahman et al., 2023). The
aim is to illustrate the operating characteristics of subgroup-specific treatment effect estimators
with comparisons tailored to a specific clinical setting.

Most methods for subgroup analyses use only internal data from the RCT. The simplest and
perhaps most common approach in clinical research is to repeat the primary analysis, for instance
a two-sample Z-test, in each of the subgroups of interest (Wang et al., 2007). This strategy is often
underpowered for testing whether or not the experimental treatment is effective in the subgroups
of interest (Pletcher & McCulloch, 2017). Regression methods that model the outcome condition-
al on biomarkers and other covariates have been proposed to reduce the uncertainty of subgroup-
specific results (Morita & Miiller, 2017; Sivaganesan et al., 2017).

The use of EC data for inference at completion of RCTs has been previously discussed
(Corrigan-Curay et al., 2018; Di Maio et al., 2020). However, these approaches leverage RCT
and EC data primarily to estimate average treatment effects in the randomized population, not
in subpopulations. Bayesian methods in this area include meta-analytic models (Schmidli et al.,
2014), power priors (Ibrahim et al., 2015), and commensurate priors (Hobbs et al., 2012).
Other approaches include the use of propensity scores (Li et al., 2022; Lim et al., 2018) and adap-
tive procedures that compare the RCT control data with the EC data to decide whether to pool
them in the analyses or use only the RCT data for inference (Viele et al., 2014). EC data have
also been used for sample size re-estimation (Hobbs et al., 2013; Schmidli et al., 2014) and early
stopping for futility (Ventz et al., 2022).
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We focus on patient subgroups and potential treatment effects’ variations across subgroups. We
investigate if incorporating EC data can produce a substantial reduction of the uncertainty on the
subgroup-specific treatment effects. At the same time, we account for the fact that most RCTs are
required by their protocol to report an estimate 8" of the average treatment effect that is based

only on trial data and does not incorporate EC data. This estimate and any subgroup-specific es-
r+e

timate [9(1 :K> based on both RCT and EC data could be discordant, for example " might be nega-
tive and the subgroup-specific estimates could be all positive. This discordance can arise because
6" and (9(1'+,§) are based on different sets of data. We introduce harmonization to reduce or remove
this misalignment.

Our method requires two inputs: (i) an estimate of the average treatment effect in the random-
ized population 8", which is based only on the RCT data, and (ii) an estimate of subgroup-specific
effects 2)(1'3? in K nonoverlapping subgroups, which is based on both RCT and EC data, with some
risk of bias. We use the superscript (7 + e) for estimators that use both RCT and EC data, and (r)
for estimators that use only RCT data. The method is based on a simple linear transformation

(Equation (5)) to modify the subgroup-specific estimates @(l'fl? and harmonize them (i.e. make

them coherent) with respect to the average treatment effect estimate ). The term harmonization
refers to an intuitive relation between the average treatment effect E(Y|T=1) - E(Y|T=0) in
the trial population, and the treatment effects E(Y|T=1, W=k) - E(Y|T=0, W=k) in the
subgroups k=1, ..., K that partition the randomized population:

K
E(Y|T=1) —E(Y|T=O)=Z7rk[E(Y|T= 1, W=k)-E(Y|T=0, W=k)].
k=1
Here, W indicates the subpopulation and 7y, ..., 7k are the subpopulation prevalences in the trial

population. In the RCT, patients are randomized and the variables T and W are independent. We
say that a vector of subgroup-specific estimates 6, is fully harmonized to the primary analysis if
Zl,le 70, = 0", When a subgroup analysis that leverages ECs is not harmonized and there is a
marked discrepancy between Y k_, nkégﬂ) and 0 it can be challenging to interpret the trial
results.

Our method modifies initial subgroup-specific estimates 9(1’?'? and harmonizes them to 6;

therefore, the subgroup analyses become coherent with a primary analysis that reports 0" for
the randomized population without using EC data. We illustrate that the subgroup-specific
harmonized estimates present an attractive balance between efficiency and bias in settings where
the investigator expects identical or similar differences y, ~ y between the outcomes in the EC
population and the outcomes in the RCT control arm across all subgroups k=1, ..., K.
Formal definitions of these discrepancies y, are provided in the next sections.

2 Harmonized estimates of subgroup-specific treatment effects

We consider a two-arm RCT. The analysis of the trial can leverage EC data of patients receiving
the same therapy as in the RCT control group. Before treatment patients are categorized into non-
overlapping biomarker subgroups k =1, ..., K. When necessary we use the superscript (r) to in-
dicate the RCT samples, (e) to denote the ECs, and (7 + ¢) for their union. For example the sample

sizes are n”), n'¥ and #"+), Also, the subgroup- and treatment-specific sample sizes are n(ks)z, where

t = 0 for the control, # = 1 for the experimental treatment, and s € {r, e, 7 + e}. Similarly, ng)‘ is the

total number of RCT patients in subgroup k and n(’g ?) is the number of control patients in the RCT

and EC datasets. The notation is summarized in Table 1.
For the ith patient in the RCT, we have the vector (Tf’), Wlm, Yl(»’), Xi-’)), where Tf’) € {0, 1} is the
treatment indicator (0 for control, 1 for treatment), Wl(’) € {1, ..., K} is the biomarker subgroup,

Y}’) is the outcome, and Xi-') is a vector of pretreatment covariates. Similarly, for the ith patient in

the EC data, we have (Tl(.e>, Wi, yte) Xif”)), with Tl(e) =0 because all patients in the external

i [
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Table 1. Notation

Variable Notation Definition

Outcome Y;

Treatment T; 0 for control arm, 1 for treatment arm

Study (r) for RCT, (e) for EC

Subgroup W, W, = k if patient 7 is in subgroup k

Covariates X Vector of pretreatment covariates

Datasets D, D) (T;, W;, Y;, X;) for all RCT and EC patients,

respectively

Group-specific sample sizes n}:)t In subgroup &, arm ¢, and study s

Subgroup prevalences in the RCT = (my, ..., 7TK) T, = p(W}') =k)
population

Expected control outcomes in the Wk =ty ooy lg) W, = E(Yl(') \ W}’) =k, Tlm =0)
RCT subgroups

Expected control outcomes in the u E(Yfr) | Tlm =0)= Zf;l Ty,
RCT population

Treatment effects in the RCT O1.x= (01, ..., 0k) O = E(YD | W =k, TV = 1) —
subpopulations

Treatment effect in the RCT 0 E(Y? TV =1) —u= YK w6,
population

Initial estimator of ;. 9&”}? A function of the RCT data D' and the EC data

D
Estimator of o A function of the RCT data D"
Harmonized estimator of 6;. g & Defined by Equation (1)

dataset received the control therapy. The RCT and EC datasets are indicated as D) and D¢,
respectively.

In the RCT population, within subgroup k, the expected outcome under the control therapy is
Uy = E(Yf’> | Wi’) =k, Tl(.r) =0), and the treatment effect is

0 =E(Y" | W =k, T =1) - E(Y! | W =k, T = 0).

1

The expected outcome and treatment effect in the RCT population are u = E(Yl(-r) | Tf” =0) and

1

K
9= E(Ym | T = 1) - E(YW | TV = o) =Y b,
k=1
where 7, = p(W,m = k) is the prevalence of the subgroup k& in the trial population.

2.1 Harmonized estimates

The subgroup-specific treatment effect estimates that we propose are harmonized to the primary
analysis, which utilizes only RCT data. The definition of the harmonized estimator proceeds in
two steps. In the first step we compute an initial estimate of the subgroup-specific treatment effects

8% using both the RCT data D) and the EC data D). The analyst chooses the estimator 7.

For example, 9(]”12) can be the result of a regression analysis that merges D) and D' into a single
dataset under the assumption that the RCT and EC populations are identical, or the primary find-
ings of a Bayesian analysis that models the RCT and EC populations. Throughout the article, we
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consider several definitions of 6 ). In the second step we modify 0 % " and harmonize it with re-
spect to an overall treatment effect estimate 8" based only on D). Here 6 is an estimate asso-
ciated with low risks of bias, confounding, and various distortion mechanisms, and is based
only on RCT data. We say that a vector of estimates 0;.x is fully harmonized if
Zk |10, =07, ie. if its weighted average equals the estimate of the average treatment effect.
Recall that 7 = (77:1 , ..., k) are the subgroup prevalences in the RCT population. The harmonized
estimator is defined as

&) .y =arg min[(v—é(ﬁ;))TZ_l (U—H(HE) +(zv - 07) ] (1)

veRK

where ¥ is a positive-definite K x K matrix and / is a nonnegative parameter that controls how
closely the weighted average Y x_, 8% matches the RCT estimate 8", When 4 = 0 the harmonized
estimator is equal to &, while when 2 = o it becomes fully harmonized and Y f_, m0% = 6"
This article examines the class of harmonized estimators defined by Equation (1), with particular
attention to harmonized estimators with A = co.

As a simple example of harmonized estimator, consider the following:

(Step 1) Use the pooled estimates
o =Y - v (2)

for each subgroup k. Here, S_/Z)l is the mean outcome in subgroup k under the experimen-

\rte) . . .
tal treatment, and Y(,:OL) is the mean outcome under the control therapy, including both

the EC data D) and the external data D).
(Step 2) The estimate of the treatment effect in the RCT population is

o =v" - Y, 3)

the difference between the mean outcomes in the experimental and control RCT arms, exclud-

A T A
ing the EC data. In this example, if £ is the identity matrix then (v - 0‘1’?}?) x! (v - 9(1’??) in

9 T+€

Equation (1) is the squared Euclidean distance between and v. Similarly, if ¥ is an esti-

mate of the covariance matrix of 01”1? , then the first term in the right part of Equation (1) be-
comes the squared Mahalanobis distance.

We mention two practical aspects of the harmonized estimator. First, it ensures that the subgroup
and primary analyses provide coherent inference about treatment effects. Indeed, we infer
subgroup-specific treatment effects with a weighted average close to the point estimate 6"

the primary analysis. Other methods that leverage both D" and D' (e.g. expression (2)) may pro-

duce subgroup specific results that are clearly incongruous with 6. Second, a broad range of es-

0 1’+e

timators can be used, for example:

(a) the simple difference between Y,ZJ{E and Yk Oe as in Equation (2),

(b) the results of a Bayesian analysis based on a flexible regression model where the outcome dis-
tribution varies across biomarker subgroups, treatments, populations (RCT or EC), and
patient-level pretreatment covariates (e.g. Sivaganesan et al., 2017), and

(c) or estimates based on a matching procedure (e.g. Lin et al., 2019) applied within each sub-
group, to account for different distributions of potential confounders in the RCT and EC
populations.
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6 Schwartz et al.
The solution of Equation (1) is
& =" +/17mT)_1 [Z’lé(ﬁé) + dnn" (9(”1K><1)], (4)

where the column vector 1gx; = (1, ..., 1) has length K. This equation shows that the harmonized
estimator is a matrix weighted average (see Chamberlain & Leamer, 1976) of 9‘1’3?) and 01 k.
The solution can be derived based on the derivatives of the objective function in (1)

>y - 2_19({3? + " vr = 20" 7,
which are equal to zero when

=+ da Y =700 + 20z,

Moreover, the harmonized estimator can be rewritten as

, Srte A fan S e
H’I:K=0‘{Té’+ci+c(6<”—§ b ’)m (5)
k=1

where ¢ = (z72x)!. This representation of ¢ .k shows that the harmonized estimator is obtained
by shifting 67 in a fixed direction, Tz. The distance between &, and 8¢ is proportional to the
discrepancy between 8" and nTH(fj';). For example, if A = 0o and 7 o 1kx1, then in each subgroup
& - QZ“’) =0 — 779 We derived Equation (5) using the inversion formula
E' ) P = - M1 + An Zn) a2,

The choice of X. In this article, we discuss two approaches for selecting X, which lead to what we
call bias-directed (BD) harmonization and variance-directed (VD) harmonization.

BD harmonization: In several cases, T can be chosen by leveraging an estimate of the bias of

87+ which we denote as vy, = E(é‘f}?) — 0;.k. See for example expression (11) in the next sub-

section. Harmonization with A = oo and a ¥ matrix chosen to satisfy Iz o v, provides unbiased

estimates of 0;.x. We refer to 9’1’ . with this choice of X and 1 as the BD harmonized estimator.
Indeed, when 1 = oo and 27 « ;. g, Equation (5) can be rewritten as

0= = (7T - 07) (x"2n) " 5n,

and the second term on the right-hand side is an unbiased estimate of ;.. We note that, if
E(0")=60=7"6,.x holds, then E(nTé({Té) — 0" =x"y,.x and

E[(”Té(ffl? - 9“))({27;)_127;] =7y :K(’TT‘//lzK)_ll//l:K =Vi:k

We will use similar arguments in later sections to derive BD harmonized estimators when the input
9(1?;) is based on regression models. For example, in Section 3.2, we consider logistic regression.
VD harmonization: Another interpretable choice is £ proportional to an estimate of the covari-

ance matrix of 87¢. When 1 = oo, we refer to &,  as the VD harmonized estimator. A Bayesian
interpretation is discussed in Section 2.3.

2.2 Bias and variance of the harmonized estimator
When the joint distribution of #7¢ and ") is known, we can derive the bias and variance of &,

for any choice of /1 and %, because the harmonized estimator is a linear function of 9‘{? and 6"
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(Equation (5)). In this section, we specify scenarios (i.e. data-generating models), consider simple
estimators 6'""¢ and 6", and illustrate the bias, variance, and MSE of ! based on analytic ex-
pressions. In Sections 3 and 4, we will discuss harmonization in other settings, with different scen-

arios and definitions of 6{*¢ and 4"
We consider data generated from the following model:

7) | W;T), TET ) iid N(ﬂ\x/” + GW“) ¢ ) and

) ) (6)
Ytg‘) | ch lrtv N(,uw(e) + Ywies ¢2)

Here, 1, is the expected outcome under the control therapy for subgroup & in the RCT population,
0y, is the subgroup-specific treatment effect, and y, is a bias term, the difference between the ex-
pected outcomes of the external and RCT controls in subgroup k. All patients in the external
data receive the control therapy. Model (6) does not 1nclude covarlates X.

As inputs for &, we consider the estimators 9”6 Yk1 - Ykrge nd 9" =Y ] Y((; as in
Equations (2) and (3). For the study design, we assume that the vector 7 is known and that for
each subgroup k

This condition is satisfied if recruitment is stratified by subgroup and the trial adopts block ran-
domization. For simplicity, we also assume the same proportions in the EC dataset, i.e. for each
subgroup &

After Proposition 1, all other theoretical results in the article will not assume equal subgroup pro-
portions in the RCT and ECs, see for example the last paragraphs of this subsection where we con-

sider settings with 7, te) o/n ) £ .
We derive the samphng distribution of the harmonized estimator in this setting. We first restrict

= ‘o,andn (1/K ., 1/K). We

attention to the case where randomization is balanced, i.e. n"} = n
will later relax the assumptions of this stylized example. Let g = 7. 0/(n + n ) be the proportion

of controls who are in the external data.

Proposition 1  In the outlined setting, if 2! = I, then [9117:1( ~ N(6:.x + B”, V"), where the
bias vector B” is

1 2
B = q(IK_EleXK>V1:K5 (7)

and the variance—covariance matrix is

1 A\ 1
thKnr (2-q)¢* Ik + <HK> qﬁ¢21m. (8)
0 -0

g}

Here, 1gxk is a K X K matrix with all elements equal to 1. As expected the harmonized estimator
is normally distributed; indeed, it is a linear transformation of the outcome data (see Equation (4)).
The derivations of this proposition and other results are provided in the online supplementary
material. If the outcome data in D) and D'® are not normal but have means and variances iden-
tical to those in (6), then the bias and variance expressions in Proposition 1 still hold.
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Systematic distortion mechanisms. In several contexts, it is implausible that the distortion mecha-
nisms (e.g. measurement errors) cause differences between the conditional outcome distributions in
the RCT control arm and the EC arm that vary across subgroups. Throughout this article, we assume
that if there is a discrepancy between the conditional outcome distributions in the control arm of the
trial and the EC group, then the distortion mechanism is systematic across subgroups. In the context
of model (6), the systematic distortion mechanism (SDM) assumption is formalized by the equation

Ve =" 9)

for all subgroups k=1, ..., K and some y € R. More generally, SDMs can be represented through
statistical models in which the subgroup-specific conditional outcome distributions p(Yfe) | W}g) =
k, X! = x) for the ECs are distorted versions of p(Y\" | W\ = k, X! = x, TV = 0).

Definition We have an SDM if there exists a distortion function, with domain and range
equal to the space of probability distributions on the real line, such that

p(Y 1 W =k, X = x) = distortion( p(Y | W =&, X" =x))  (10)

1 1 1 1

for all subgroups k=1, ..., K and pretreatment profiles x.

Several examples of distortion functions will be discussed in the remainder of the article. The SDM
assumption holds when the difference between the distributions of the outcomes in the EC group
and the RCT control arm, conditional on pretreatment covariates, is identical across subgroups.
These differences can be summarized by comparing conditional means (here and Section 3.1),
odds ratios (Section 3.2), or other metrics. In previous work, we identified systematic distortion
mechanisms in collections of datasets in neuro-oncology (Rahman et al., 2023; Ventz et al., 2022).

There are several potential causes of systematic distortions. For example, the measurement of the
outcomes in the external group might include a systematic shift, in all K subgroups, compared to the
measurements in the RCT. In particular, when we consider oncology RCTs, different procedures
may be used to measure tumor sizes in the trial patients and the ECs. Similarly, the definition of
the first day of follow-up, or the schedule of radiographic measurements can vary across studies
and cause systematic discrepancies in the assessment of response to therapy and tumor progression
(Dabush et al., 2021). We note that in these settings the experimental therapy might produce positive
effects in one or a few of the K subpopulations. Systematic distortions might also arise with subtle
differences between the administration of the control therapy in the RCT and the external group,
such as different levels of adherence to the schedule of the chemoradiation plan.

When the SDM assumption is satisfied and the assumptions of Proposition 1 hold, if we set
J =00, then the harmonized estimator is unbiased. Indeed B” becomes —q(Ix — (1/K)1xxk)
y1kx1 = Okx1. If the subgroups are unbalanced (i.e. 7, # 1/K for some k), then we can choose
to produce an unbiased harmonized estimator. We provide details at the end of this subsection.

Figure 1 illustrates the bias, variance, and mean squared error of the harmonized estimator (see
Equations (7) and (8) in Proposition 1). It also shows the operating characteristics of other estima-
tors of 01 .x:

(a) the RCT-only estimator 95:) = YZ’)l - 72,)0, for k=1, ..., K, which is unbiased, and has vari-
ance equal to K(l/nfr()) + 1/nfrl))¢211<,

(b) the pooled estimator in Equa’tion (2), which has bias equal to —qy; .k and variance equal to
K(1/n79)(2 = q)¢*Ik, and

fora

(c) an oracle estimator 69" (with known g, values),
éora _ ?(7)
k= Trpa = Hes

which is unbiased and has variance equal to (K/n%)gﬁzlk.
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(a) Performance of four estimators in Scenarios 1, 2, and 3
Scenario 1 Scenario 2 Scenario 3
(null ) (identical y) (variable )
DO — PV TPRED SRS S S S S S——
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Figure 1. (a) Performance summaries of the harmonized estimator (see Proposition 1) and other estimators
(analogous analytic results) for subgroup k = 1. The 1 value used to define the harmonized estimator varies on the
x-axis. We illustrate the bias, standard deviation, and the RMSE of the estimator as a function of 1. The scenarios
have different y, .« values: Ok« (scenario 1), constant across subgroups (scenario 2), or varying across subgroups,
withy; ¢ =(1+A,, 1=A, T+A, 1-A,, ...)and A, =1 (scenario 3). (b) The performance of the harmonized
estimator (with 4 = o) for subgroup k = 1 degrades when the subgroup-specific differences y, . ¢ vary substantially
across subgroups, i.e. as A, grows.

In Figure 1, we examine three scenarios with different values of the subgroup-specific differences y; .,
between the EC and RCT control means: y, =0 for each k=1, ..., K (scenario 1, no distortions),
7 =1 for each k=1, ..., K (scenario 2, SDM assumption holds), and y;.x =(1+A,, 1 -A,,
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1+A,, ...) (scenario 3, SDM assumption violated). For the sample sizes we use 7"’ = 100 RCT
patients and #© = 500 EC patients, we have K = 10 subgroups, and ¢* = 1.

Figure 1a shows how the bias of #, , converges to 0 as A — o in scenario 2. The estimator &,
is suboptimal in settings where the bias terms y, . vary substantially across subgroups, such as
scenario 3. Recall that we introduced the harmonized estimator for inference on the treatment
effects in small patient subgroups in disease settings where heterogeneous bias mechanisms
across subgroups (i.e. relevant variations of y, ., across subgroups) appear implausible. We em-
phasize that in Figure 1a, scenario 3 involves a high level of variability of y, across subgroups to
illustrate that when the SDM assumption is markedly violated harmonization produces biased
estimates. Figure 1b shows that when the y, vary moderately across subgroups (A, < 0.25),

the estimator & has lower root mean squared error (RMSE) than &, despite the violation
of the SDM assumption. With A, < 0.25 the violation of this assumption is less marked than
in scenario 3, where the y, parameters are highly heterogeneous (A, =1 in Figure 1a). The esti-

mate 9’1’:,( has lower variance than 9(17:)10 Also, the variance of é’l’:K is similar to the variance of
9(r+e)

1:K* . . . . . . .

We can relax some of the assumptions in Proposition 1. First, the positive-definite matrix =
used in (1) to define the estimator #”, ; can be arbitrary. Second, the randomization ratio and
the subgroup proportions in the RCT can be unbalanced, i.e. we consider n(’l) # nf’())
and 7 # (1/K, ..., 1/K). We still assume that n;;)l/n;:)o is constant across subgroups and
n;:)‘/n(’) =my, yet we allow the subgroup proportions in the EC data to differ from those in
the RCT; that is n;:)o/n(e) can be different from m,. In this case, the harmonized estimator

[9,17:1( remains normally distributed, and the bias and variance in expressions (7) and (8) be-
come

B = —(Ix - cﬁEmrT)Qm .x» and

e (11)
V= |tk = = Q)T + (e’ #5rTs

respectively. Here, ¢ = (z72x)"" as before, Q is a diagonal K x K matrix with Oy = n(;?/ngge),

q= Z§=1 7, Ok, and IT is a diagonal K x K matrix with Il = 7,. When 4= o0 and the SDM

assumption holds with y,.x =ylkx1 for some y € R, the bias is B" =0y if we choose
% =diag(Qp /7). This choice of 4 and X gives a BD harmonized estimator. Indeed, 7 be-

comes equal to Qlgyi, and B” can be rewritten as
(IK - (nTZn)_lZmrT>Qy1 K= y(IK - (nTZn)_lznnT)En= Okxt-

For the kth subgroup, the difference between the mean squared errors of the pooled estimator
and the harmonized estimator is

a4

Mﬁ(%ﬂﬁ_Mm{%)=%Bn—wkwﬂ—zgé?—;;j’
.0 k=1 Tkqk

(12)

where 7= Yk_; TediVe/ S ket Trqr is the weighted average of the subgroup-specific EC distor-
tion parameters. The first term in the right hand of Equation (12) is the difference between
the squared biases of 672 and &, and the second term is the difference between their var-
iances. Pooling has a slightly lower variance compared to harmonization. In the absence of
distortions (i.e. scenario 1, with y, =0 for all k) both pooling and harmonization are un-
biased. In contrast, in the presence of systematic distortions across subgroups (scenario 2,
7, =7 € R for all k) pooling is biased while harmonization is unbiased.
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2.3 A quasi-Bayesian interpretation of the harmonized estimator

We provide an interpretation of the harmonized estimator that builds on the modular Bayesian
framework in Jacob et al. (2017) and Bayarri et al. (2009). In this section, we focus on a simple
model to exemplify the relationship between harmonization and Bayesian analyses. We consider
two analysts: Analyst 1 conducts a primary analysis and estimates 0, the overall effect, using
only the RCT data D" (without considering subgroups). The analyst uses the following
Bayesian model:

Likelihood : WIT”,#»GHE N(,u+9T az) (13)
Prior: (u, 6) ~ Na(m!AD, (A1),

To simplify the presentation the analyst chooses some fixed value for ¢%. The result of the ana-
lysis is the posterior p A”(19|D )=pAl(4| Y T({:)n(,)), conditional on the outcomes Y(lr:)n(,)
and treatment assignments T1 L 1N the RCT. We use the superscript (A1) to identify the pos-

terior inference of Analyst 1. Note that p41 (8| D)) does not involve the EC data.

Analyst 2 conducts a subgroup analysis and estimates ;. using the RCT and EC data D!
thus augmenting the subgroup-specific sample sizes of the RCT. The analyst uses the followmg
Bayesian model:

r+e

ind.

Likelihood: Y}”|T}’>, WO, sy Ok ™ N(ﬂw,.w W T, ¢2)

ind.
DIWE, e ™ N (g 7)) (14)
Prior: (/,tlzK’g]:K) Nog (m42), £42).

This model assumes identical outcome distributions for the RCT controls and the EC population.
Also, in this case, the analyst chooses some fixed value for ¢>. The analyst assumes that
(n(lr,)‘/n(”, cy n(Iz’)'/n(’)) = 7. The posterior distribution is p'4%(0;.x | D", D¥). If the RCT con-
trols and ECs have different outcome distributions then the model is misspecified.

We can combine Analyst 1’s inference on the overall effect § and Analyst 2’s inference on the
subgroup-specific effects 6;.x using the modular approach discussed in Jacob et al. (2017).
Analyst 2 has a joint posterior on ;. and 6 = Zfﬂ 70y, that can be factorized into the product
of (i) the posterior of 8 and (ii) the posterior of 6. given 0:

(0, 01| DY), D) = p!2) (0] D, D) x p!42) (0,1 |, D, D). (1)

Based on the modular framework we obtain the following cut distribution (we use the term cut as
in Jacob et al., 2017):

p(61:x, 01 D, D) = pl4V (9] D) x p!4 6y | 6, D), D). (16)

This joint distribution is obtained by replacing p42 (6| D), D)) in (15) with p‘41 (8| D)), which
only uses the RCT data without subgroup information. The cut distribution of 8; .k is based on
both D) and D, and is coherent with the inference of the first analyst on 6, which is based
only on D"

A 31mpler plug -in dlstrlbutlon can be obtained by ignoring Analyst 1’s uncertainty about 6, us-

ing 04V = EAD (9| Y T({:)n(,))

pPe (01| DY, D) = p2 (1.1 |0 = 6V, DY, D). (17)

Both the cut distribution in (16) and the plug-in distributions in (17) produce point estimates of
0, ., that coincide with the harmonized estimator. That is,

G20z Joquiaydag €0 U 1sanb Aq €91 128/G10sedb/asSSIIEB0L 0 L/10p/aIIlE-00UBADE/GSSSI/WIO0S"dNO"D1WSPED.//:SANY WO PapEOjuMOd



12 Schwartz et al.
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Figure 2. A quasi-Bayesian interpretation of the harmonized estimator with K =2 subgroups. (a) Analyst 2's
posterior p¥2(6;, 6, | D', D'®)) in the bottom-left in blue (mean and isolines). The plug-in posterior

p“2(0,, 6,1 D, D9, 7 60;., = 6¥V) is the density in the top right black, which has support equal to the linear
subspace 77 6;., = 8", The mean of the plug-in posterior (black point) is equal to the harmonized estimator. The
dashed lines show the linear subspaces 7' 6, ., = 8 with 6 equal to the 25% and 75% quantiles of Analyst 1's
posterior pA" (9| D'"). (b) The posterior density of #; under Analyst 2's joint model for RCT and EC data (left-most
curve, blue), the cut distribution (Equation (16), middle curve, green), and a Bayesian subgroup analysis using only
RCT data (right-most curve, yellow).

Ecut(elzK | D", D(e)) — Eplug—in(glzK | DV, D<e)) = é’l’:K, (18)

where élle is obtained with inputs 4 = o0, 8" = EAD(9| D), 9(1”;) =EA2(g,.x | D™, D), and
T = VarA2(0,.x | D), D) in the right-hand side of Equation (1). Thus, the Bayesian view of
our work suggests VD harmonization, where 1= oo and X measures the variability associated
with é(lﬁé)

The described relationship between the harmonized estimator and Bayesian analyses is illus-
trated in Figure 2a. In Figure 2b, we show the posterior density of #; under Analyst 2’s joint model
for the RCT and EC data (blue), the cut distribution (Equation (16), green), and a Bayesian sub-
group analysis using only RCT data (i.e. Analyst 2’s inference if D' is not included, yellow). We
refer to the online supplementary material for the details on the prior models and the simulation
illustrated in this figure.

To verify Equation (18), it is sufficient to note that

JEA2(61.x |27 0.k =0, DV, D) . p\4V (9| D) do
=E"(0y.x 7701,k =0"Y, DV, D) and,
EN(01.x |7 61.x = 6, DV, D) = arg max p!*?(61.x | D", D))
770y, k=0

.
= arg min (01.x = (1) =7 (1. - 6§,

770 k=0

where H(IA:? =EW2(0,,x | DV, D)) and £ = Varl42)(0;.x | D), D1¥). The first equality holds be-
cause E¥2(0y.x |x"01.x =0, DV, D) is linear in 6. The final two equalities hold because
Analysts 1 and 2 use conjugate normal models. We note that the estimator in expression (18) is
unbiased when y, =7, ... =y, (SDM assumption) if the ratios n(:,)o/ng)o and n(ki)l/n(ki)o remain the
same across subgroups £ =1, ..., K (see online supplementary material Section S2.4.5).

Up to this point, we have shown how the cut distribution and the harmonized estimator are con-
nected when Analysts 1 and 2 have normal posterior distributions on @ and 6, . . This discussion can
be extended beyond the conjugate model that we considered. In particular, Analyst 2 may use a

G20z Joquiaydag €0 U 1sanb Aq €91 128/G10sedb/asSSIIEB0L 0 L/10p/aIIlE-00UBADE/GSSSI/WIO0S"dNO"D1WSPED.//:SANY WO PapEOjuMOd


http://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkaf045#supplementary-data
http://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkaf045#supplementary-data

J R Stat Soc Series B: Statistical Methodology, 2025, Vol. XX, No. XX 13

Bayesian joint regression model for D) and D', for example a generalized linear model (Hobbs
et al., 2012), in which 8.k are subgroup-specific treatment effects (i.e. the differences between
the expected outcomes under experimental and control therapy across the RCT subpopulations).
Analyst 1 may use another Bayesian model (with or without biomarker subgroups and covariate in-
formation) for D) alone, and @ is the average treatment effect in the overall population. If
Bernstein—-von Mises conditions (Ghosal & van der Vaart, 2017) are satisfied—as in most regression
models—then with sufficiently large #" and #'®) the relationships between posterior distributions
and the harmonized estimators that we discussed (Figure 2a and Equation (18)) are preserved.

2.4 Interval estimation
We discuss (1 — a)-level intervals obtained through harmonization. We consider 92”‘3) = ?5:1 -

?Z,Be) and 6 = ?“1) - Y(j(; (Equations (2) and (3)). The confidence intervals of 6, are computed as-

suming that D and D' are distributed according to model (6). We describe three distinct
approaches.

(a) We can use the analytic expression of the variance V’,: , (Equation (11)) and compute

(é’,; - zl_a/z‘/v,‘;‘k, o+ z]_a/z,/v,’;,k), (19)

where zl_a/2 is the (1 — a/2) x 100% quantile of the standard normal distribution. Here, we

are assuming implicitly that 92 is an unbiased estimate (see Section 2.2). Standard central lim-
it arguments imply that the confidence interval can still be considered in settings where the
assumption of normally distributed outcomes in model (6) is violated.

(b) Based on the connection between the harmonized estimator and Bayesian analyses illustrated
in Section 2.3, we can use the cut distribution in (16) to compute the interval

(é’,:—zl_a/z,/v;fz“, W+ 21 v;:,;;”), (20)

where V,(;Zt) is the variance of ), under the cut distribution. If Analysts 1 and 2 use the con-
jugate models described in Section 2.3, then the covariance matrix is

2

A2 1 Al A2)\ (A2 A2

V<Cm)=2(1:1<)+<zmz>) (E(e ) -3 ))2(1:1<)7T7TT2(1;1<),
0

where Z(f%{) is the posterior covariance matrix of ;. under Analyst 2’s model, ngz) is the
posterior variance of § under Analyst 2’s model, and ng is the posterior variance of § under
Analyst 1’s model. Moreover, V" = V” under the following conditions: (1) Analysts 1 and
2 use flat priors (74" and 742 are diagonal with diverging diagonal entries), (2) the variance
parameters o> and ¢* in models (13), (14), and (6) (underlying V*) are identical, and (3) 1 =
oo and X is diagonal with entries proportional to (1/ ”Z,)l) +(1 /ngf)e) ). Thus, the intervals in

expressions (20) and (19) become identical.

(c) The bootstrap method (Efron & Tibshirani, 1986) can also be used to construct confidence
intervals. We can generate a=1, ..., R replicates (D!, D'¥)) through a parametric boot-
strap (using model 6). For each replicate, the harmonized estimator 9}1’:&“ is computed.
This allows us to estimate the variability of #% through the empirical distribution G, of
the 92’,“ replicates. We can report a confidence interval for 6, that is centred at &} and has

width that matches the distance between the quantiles G;l(a/Z) and Glzl(l -a/2).
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Figure 3. Coverage and width of 95% confidence intervals. We use the procedures described in Section 2.4 to
compute the intervals. We consider the same scenarios as in Figure 1. Coverage and average width are computed
using 2,000 Monte Carlo replicates for each scenario. On the x-axis, we vary the 1 value that defines the harmonized
estimator.

In Figure 3, we compare the coverage and average length of these intervals through simulations.
We also consider the usual confidence interval of 6, based only on RCT data:

<é(1:) —R1-g2 X Var(@(k’)), ég) + Z1—g2 X Var(éﬁ:))))

where 8" = i_’;:’)] - Y;:,)o- We include this interval for comparison. We simulate data using the same
scenarios used for Figure 1. For the harmonized estimator, we use X =diag(Qy/m), and
(6", 9({?;)) as defined by expressions (3) and (2). To compute the cut distribution we set 74! =
diag(10*) and 74 = diag(10*). For each scenario, we simulated 2,000 trials. We illustrate results
for subgroup k = 1. Figure 3 shows that in scenarios 1 and 2, in which #” is unbiased for 4 = oo, the
intervals have coverage nearly identical to the nominal 1 — a level (when A > 10). In contrast in
scenario 3, where the SDM assumption is markedly violated and 9’17 is biased, as expected the
coverage is far below the nominal value (close to 0%). The harmonized and cut intervals centred

on & are substantially shorter than the intervals that we compute using only RCT data. The poor

coverage in scenario 3 emphasizes that harmonization is not sufficient to remove the bias of 6/

when the SDM assumption (i.e. y; =...= yg, Equation (9)) is violated. Importantly, data analyses
can detect violations of the SDM assumption (see for example online supplementary material
Section $3.8). Figure 3 confirms that the analyst should consider harmonization if (i) high-quality
EC data (see Corrigan-Curay et al., 2018 for explicit criteria) are available, (ii) the violation of the
SDM assumption based on context-specific considerations is implausible, and (iii) the datasets do
not provide evidence of a violation of the SDM assumption.

When an analytic expression of the interval, based on exact or asymptotic arguments (e.g.
Equation (19)), is available, the computing time is lower than bootstrapping. However, if the dis-

tribution of &, is not available, then the bootstrap interval is an easy-to-interpret and practical
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alternative. In Figure 3, we observe negligible differences between the approaches that we consid-
ered to provide confidence intervals.

3 Harmonized estimators and regression models

In this section, we discuss harmonized estimators that allow the investigator to account for pre-
treatment covariates X. The distributions of relevant prognostic variables, such as patient age,
may be different in the RCT and EC populations. Recall that the datasets are D" =
(Ylm, T}'), Wlm, X;r)),-snm for the RCT and D®) = (Y}e), Tﬁe), W}e), XEE)),-Snm for the EC. Here, X in-
cludes d pretreatment covariates, such as demographics. Also, the harmonized estimator & is a
transformatmn of (i) 1”?, an estimator of 01,k (the subgroup-specific treatment effects) based on

" and D), and (i) 6", an estimator of § = 77 0y ¢ (the average treatment effect in the random-
ized population) based only on D). The examples in this section include linear regression, logistic
regression, and propensity score weighted logistic regression. In each case we show how to obtain
a BD harmonized estimator that is approximately unbiased when the SDM assumption holds.
These results are unified in one proposition (see online supplementary material Proposition S2)
on weighted generalized linear models (GLMs) in Section S3.6 of the online supplementary
material. The analytic expressions of £ for BD harmonization in this section are special cases of
Propositions S3 and S5 in the online supplementary material.

3.1 Linear model

We first discuss the harmonized estimator in a simple setting, where the data are analysed through
linear models. In particular, we consider 9?:[( defined by Equation (1) with the following inputs.

(a) The estimator 6 is an unbiased estimator, like the simple difference of means in Equation
(3). In the remainder of this section, we consider 8" based on ordinary least squares (OLS),
assuming that

( Y T, ) w+ 0T + fTX0. (21)

Sufficient conditions for " to be an unbiased estimator of E(Y! Y| T 1) - E(Y}') | Tf’) =
0) are provided in the online supplementary material.

(b) The estimator 9 r+e is computed with OLS, assuming

WL T XY = g + Oy T + 47X,

1 1

E(Y‘ | W, §€)=ﬂw<e>+ﬁTX‘-‘f> and (22)

1

var(Y{ | W, T, X! = Vt;r( | W, X)) = g2,

1

In this model, conditional on the covariates X, the outcomes in the external and RCT control
groups have identical mean and variance.

We evaluate the resulting harmonized estimator when the assumptions of model (22) are violated.
In particular, we consider a true data-generating model with conditional moments

E(Y€’>|W‘.” T, X‘”): g + O T + X,
E(Y Wi, ) =ty +yw‘e+ﬁ X, and (23)
Va’(Yi | Wi ) i , X; ) = VW( ie) | Wi > Xi'e)) = ¢
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This conditional distribution differs from model (22) and the parameters y, . x allow the external
and RCT controls to have different conditional means. Here, the SDM assumption is formalized
by the following equality

ne=E(Y W =k, X =x) - E(Y | W =k, X =2, T = 0) =, (24)

for all subgroups k=1, ..., K and some y € R.

We evaluate the harmonized estimators conditioning on individual covariates X and treatment
assignment. It can be shown under minimal design assumptions that #”) is an unbiased estimator
of 8=7"60,.x and that

Bias(6'*) . 61.x) = By, ., ith
z 5( 1:K > U1: K) 71:K Wl,] (25)
B=[0kxx, Ik, Okxa](M{Mi) MM,

where [Ogxk, Ik, Oxxq] is a block matrix of dimension K X (2K + d), I is the K X K identity matrix,
and (M1, M>) form design matrices. In particular M is the #"*¢ x (2K + d) design matrix for mod-
el (22); it contains columns corresponding to u; . g, 01.x, and B. The full design matrix for model
(23) is [My, M>]; M contains the columns corresponding to y,.x and has dimension 7+ x K.
Moreover,

Var(gﬁé’) ¢ [Okxks Iks Ode](MIMO_l[OKxK, Ik, kad]T,

Var(#) = ¢* (M Mo); .

Cov(é(ff;), 9(7)) = ¢2[0le<, Ik, Ogxa] (MIMl)_lMI [Lins O Xn"] Mo (MjM,)~ [0, 1, led]Ta
(27)
where M is the 7z x (2 4+ d) design matrix for model (21).

We use these equations and the next three propositions to discuss &7 .. The propositions can be
useful to examine harmonized estimators in settings beyond the linear model, as we will see in later

subsections. We use the notation S = Var(# r+,? 6" and u = ¢(A/A + ¢)=x. The harmonized estima-
tor in Equation (5) can be rewritten as

o=+ (07 -0 .

Proposition 2 If the following two assumptions
(A1) E ((9" )—x"601.x =0, and
(A2) E(6! glr+e ) — 01.x = By, .x, where B is a K X K matrix,
hold, then
Bias(é?:,(, 91:,() = (Ix — uz")Byy . (28)
and

Var(aﬁ’ K) = PSPT, (29)

where P = [Ix —un', u].
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For the setting that we are discussing, with égﬁlz) and 8" based on models (22) and (21), respect-
ively, and the data-generating model summarized by expression (23), this proposition allows us to
derive the bias and variance of & .. Assumption (A1) holds under minimal design assumptions
and (A2) is concordant with Equation (25). Thus, we only need to plug the values of ¢, My,
Mi, M3, and y,,, into Equations (25)—(29). Moreover, analytic expressions of the conditional
bias and variance, analogous to Equations (28) and (29), can be easily obtained when 8" = Y('l) -

S_/Y()) and/or for parameterizations of the data-generating model (23) and design matrices that vio-
late the assumption (A1), because the harmonized estimator remains a linear transformation of the
outcome data Yl(') and Yfg). The same comment holds if ") = nTé({:)K, with group-specific estimates
of the treatment effects é(f)  obtained through OLS by restricting model (22) only to the RCT data.

The next result indicates for which fixed choice of 4 and X the harmonized estimator is unbiased
under the SDM assumption (i.e. the differences between the EC and RCT control groups are con-
stant across subpopulations). We use the notation b = (b1, ..., bx) = Blgxi.

Proposition 3  If assumptions (A1) and (A2) are satisfied, ;. x = y1kx1 for some y € R, and
b # Okx1,then & is unbiased (i.e. E(¢” ) = 01.x) if and only if A = co and
> = kb for some k # 0.

This proposition can be used to construct a BD harmonized estimator that is unbiased under the
SDM assumption (24). The main requirement is to solve the equation Xz = kb. We only need the
design matrices and it is not necessary to know the regression coefficients of model (23). For ex-
ample, if the signs of the elements of b= (by, ..., bx) are all the same, then taking T =
diag(|b.|/m) solves the equation. Recall that b is proportional to the bias of 9 ”e when
71.x & lgx1; therefore, one can expect the individual entries by, to have identical signs. The next

proposition indicates that we can choose X that makes él{;}( unbiased when y;, g o 1xx1.-

RKXK

Proposition4  There exists a positive-definite matrix £ € such that ¥z = kb for some

k# 0if and only if z7b # 0.

If many positive matrices £ € R solve the equation £z = xb, with 1 = o, they all define the
same harmonized estimator. In other words, the BD harmonized estimator is unique. Indeed,

when /1 = oo, the estimator 2)}1’ .x depends on X only through (z"=7)"'Sx (see Equation (5)), which
becomes (7" b)~'b if x = kb. In other words, the harmonized estimator that satisfies the equation
E(#. ) = 01.k is unique. We also note that the condition 7' b # 0 in Proposition 4 is not particu-
larly restrictive. For example, if the covariates Xi-') and Xi.e) have a continuous distribution, then

the event 7" b # 0 has probability 1.
Figure 4 illustrates some simulations. We simulated data from the linear model (23), with y; .

defined as in scenarios 1-3 in Figure 1. We generated a single covariate (i.e. d = 1), X. l%jN(O 1)
fori=1, ..., n") in the RCT and X oindng N(2,1) fori=1, ) in the EC. The vector of cova-

riate values was the same across 51mulat10n replicates. The regressmn coefficientis = 0.5. Beyond

the addition of the covariate X; all simulation details (RCT design, EC design, and treatment ef-

fects) are the same as in Figure 1. We compare three estimators: (i) the pooled OLS estimator 6? '+e

based on model (22), (ii) the BD harmonized estimator that we described, using 1 = co and 2 =

diag(|by |/7rk) (‘BD harmonized’), and (iii) the RCT-only OLS estimator 9(17:)1< based on the
subgroup-specific model (22) excluding the EC data. The harmonized estimator has variance com-
parable to the pooled estimator and it is more accurate than the RCT-only analysis in scenarios 1
and 2. In scenario 3, with y, , g o¢1kx1, as expected the harmonized estimator inherits the bias of the
pooled estimator, although moderately reduced.

See online supplementary material Figure S3 (Section S2.8) for similar comparisons of these es-

tlmators that focus on the bias, variance, and RMSE when the trial size ") = 100 is fixed (with

n") =33 and n_,1 =67), the EC sample size n'® increases from 33 to 627 (i.e. ¢= n(e)(nig +

n(%)_1 increases from 0.5 to 0.95) and the SDM assumption is violated. The bias and RMSEs of

-
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Sampling distributions of the estimators

Scenario 1 Scenario 2 Scenario 3
(null y) (identical ) (variable y)

Estimator

BD Harmonized
Pooled
\ l'\ E E RCT-only

0 i 2 3

1.5
1.0

0.5 J
0.0

Figure 4. Sampling distributions of three estimators of 8;. The densities shown are kernel estimates based on 2,000
simulated trials per scenario. The dashed lines indicate the true value of 6;. The scenarios present different
configurations of y, ., the subgroup-specific differences between the EC and RCT control mean outcomes
conditional on X. These configurations are identical to those in Figure 1. Other than the addition of X; all simulation
details are the same as in Figure 1.

Density

¥
I
I
1
i
I

Fay

64

both the pooled and harmonized estimators increase with 7€), As expected this trend is less marked
for the harmonized estimator compared to the pooled estimator. Importantly, when 7 is large

other definitions of 91”1? , beyond pooling (e.g. Bayesian estimators based on hierarchical borrow-
ing or power priors), can be used to reduce the outlined risks associated with distortion mecha-
nisms that violate the SDM assumption.

In these simulations, we also consider the cut estimator (Equation (16)). Here, Analyst 1 uses
model (21) and flat priors for u, 6, and B, and Analyst 2 uses model (22) with flat priors for
4. x> 01k, and B. As before, the mean of the resulting cut distribution is a VD harmonized estima-
tor with =00 and £ equal to Analyst 2’s posterior variance of 6;.x. With flat priors 6" =
EAD(Q| DM and [9(1'+I? =EA2(0,.x | D", D1®)) are identical to the OLS estimates discussed
throughout this subsection. In our simulations the cut estimates are nearly identical (R > 0.99,
see online supplementary material) to the BD harmonized estimates in Figure 4.

3.2 Logistic regression

We now consider harmonized estimators for binary outcomes. The estimator 9({3? is based on the
pooled logistic regression model:

(¥ = 11W0, T, XY =g + gy T 447X,

(Y =11 W, X) =g (v + 7 x,. ): .

where g(x) =1/(1 + e7), and the outcomes are independent. The maximum likelihood estimates
(MLEs) are (v(1'+1§ , ;71”[? , B*). We consider the treatment effects

0, = E(Ym TV =1, W = k) - E(Y}” 1TV =0, W = k), (31)

1

and the estimates

6;:+e) _ W I:g(v(kr+e) + n(kr+e) +ﬁ(r+e) XE‘T)) _g(vgﬂe) +IB(r+e) XST))] (32)
k- it W‘M=/€

We also specify a consistent estimator 8 of § = 776, . x. Then, we examine the resulting harmon-

ized estimator (Equation (5)) when the individual records in D) and D' are independent repli-
cates, with
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p(Y =11 W, TP, X)) = (v + g T+ p7X), - and

(33)
(Y =11 W, X7) = g (v + Gy +ATX7).

Expression (33) summarizes the true outcome distributions and expression (30) describes the
working model used to compute 9(1er>. If the parameters J, are different from zero, then the
RCT and EC controls have different subgroup-specific response rates after conditioning on the co-

variates X. Here, the SDM assumption is formalized by the equality
se=g (E(Y1X =2, W =)} - g (E(Y 1 X0 =, W =k, T =0)) =6, (34)

for all subgroups k=1, ..., K and some ¢ € R.

We provide results similar to those discussed for the linear model in Section 3.1. Here, we con-
sider the asymptotic properties of a sequence of harmonized estimates, when the sample sizes
increase:

(B1) Both # — o and #') — 0. The ratio #'®)/nl"*) converges to a value in (0, 1). Also,
n(kr)l/nf'l), ng)o/n%, and n%/n(e) converge to values in (0, 1) foreach k=1, ..., K.

(B2) We also assume that (3, 717+, pr+e) gir+e)) converges in probability to some point

.50 7.5 B> 07 . k), which might differ from the true (vi.x, 71.g, B> 01:x). See the online
supplementary material for mild conditions that ensure convergence.

Given (XE’), Wlm, Tf.r)),-zl, (Xi.‘)>, er))izl and the limit of 7(¢)/n™*¢), the vector #;  ; can be repre-
sented as a function of the parameters (vi.x, #;.x, B, 01.x) in model (33). For instance, when
01:x = Ogx1, then the working model (30) is correctly specified and 67, = 6. by standard max-
imum likelihood arguments. For other values of d1.x close to Ogx1, we have the Taylor approxi-

mation

0].x =01.x + Bo1.x +r1(d1:%), (35)
where B = ngi is the Jacobian matrix, and the remainder r{ satisfies
71(d1.
OLK _ g (36)

01k~ 0k |01 k11

We approximate the difference 6], — 01.x with a linear transformation of d1.x. The approxima-
tion is analogous to Equation (25). To select  (in Equation (5)) and compute the harmonized es-
timator &, we will use the factorization

Be 905 . ¢ Ik Mo B) (37)
oV k> 1.0 ) 001k

Analytic expressions for computing the derivatives are included in the online supplementary
material.
The next result, similar to Proposition 2, focuses on Gﬁ:K when the sample sizes diverge. Here,

@/1’ « is computed using a data-dependent matrix 3, the value assigned to the regularization param-

eter ¥ in Equation (5). As before, u = c(A/A + ¢)Em, with ¢ = (z' Zx) 7.

Proposition 5 If assumption (B1) holds, and the sequence of designs ensures that for any
value of J;.; in model (33)
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(B3) 005270, .,

(B4) 9({3?—%01 .K + Bd1.x + 71(d1.k), where 71 (1. k) satisfies Equation (36),
and

(B5) fl—p>2, where T is a positive-definite K X K matrix,
then

éﬁ’;x—p)el:K + (Ix —un")BSy.k + 12(51.),
where the approximation error 7;(dy . g) satisfies

72(01:.x) _

= VUKx1-
S1.x— 0k 101 K111 x

In other words, the bias of &, is approximately equal to (Ix — un")Bd; .. This allows us to
select 2 and X so that the harmonized estimator ¢ ; is nearly unbiased under the SDM assumption

(34). In particular, when Blgx1 # Okx1, the estimator 9’1’ .x with parameters (1, Z) is approximately
unbiased if (i) A = oo and (ii) 27 = kB1gx1 for some k # 0. In practice, we can compute a consistent
estimate B of B and select £ such that

S =xBlisg. (38)

It is only necessary that 7' Bl # 0 (see Proposition 4). With 4 = co all the positive matrices &
that solve Equation (38) produce the same harmonized estimator. Note that if we fix x, then the
difference between the convex set of solutions of Equation (38) and the solutions of Xz =
kBlgx1 vanishes when the sample sizes increase. To estimate B we first compute the MLEs
() s 3 s B7) of model (30) without using EC data and then plug these estimates into the right-
hand side of expression (37). This does not require Monte Carlo simulations or other approxima-
tion methods (see the online supplementary material). The analytic computation of B utilizes the
joint empirical distributions of covariates X and biomarkers W in the RCT and EC datasets.

Although here we focused on logistic regression, the approach to choose £ (see Equations (5)
and (38)) that we described can also be used in other settings. Consider, for example, count out-
come data Y. We can proceed as follows:

(a) We specify a working model—say, a Poisson model with assumptions and
covariate-outcome relationships similar to the GLM in expression (30)—that leverages the

EC and RCT data, to compute 9‘1’:}?. We also compute a consistent estimator 0" of the over-
all treatment effect 0.

(b) We specify a data-generating model, say an extended Poisson model with subgroup-specific
bias terms d1 .k having the same interpretation as in expression (33). Under mild assumptions
(e.g. 7id replicates of biomarkers, covariates, and treatment in the RCT and external group),
the asymptotic difference 67, x — 01 . is well defined. This difference can be viewed as a func-
tion of 51 K and is null if 51 K= 0K><1-

(c) Therefore, as before, we can use the Taylor approximation ¢, — 61.x ~ Bd1 .k, compute an
estimate B of B, find a positive definite matrix ¥ that solves £ = B1y1, and specify £=2 in
Equation ($).

In this Poisson example, and in other GLMs, B can be computed analytically using a nearly iden-
tical formula to the one that we use for logistic regression (see the online supplementary material).
There are other strategies to select Z. For example, as suggested by the Bayesian interpretation in

Section 2.3, one may choose X to be an estimate of the variance of 9(1’3?, giving a VD harmonized
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Figure 5. Logistic regression and harmonized estimates. The results are based on 2,000 replicates per scenario.

(a) Bias when we estimate 6, using the pooled estimator and the BD harmonized estimator as a function of d;. (b)
The root mean squared error of four estimators. (c) Scatter plot comparing the BD harmonized estimator (denoted
?)Q"BD) and the VD harmonized estimator (denoted ?JT‘VD) across a random subsample of 200 replicates with d = 1xx
and 6, =0.23.

estimator. In our implementations, we estimate this variance using the Fisher information of
(1K 111 x> B) under model (30).

Figure 5 illustrates a simulation study. We generate outcome data from model (33), with §;.x =
(0, ..., 0)ford €[ — 1, 1]. This is a scenario with systematic bias across subgroups (SDM assump-
tion holds); the online supplementary material includes a scenario with bias terms d; .k that vary

across subgroups. We consider K = 5 subgroups. We generate a single covariate Xi-’)in~dN(0, 1) in
the RCT and Xge)ing(Z, 1) in the EC, with the regression coefficient f = 0.2. The other details of

the simulations are similar to the scenarios used for Figure 4. We compare four estimators of 6; . k:

(i) the pooled estimator 9(1’;?, using MLE based on model (30); (ii) an RCT-only estimator denoted

9(17?10 using MLEs based on model (30) without the EC data; (iii) the BD harmonized estimator de-

noted Al:_}z, with 2 = oo and X selected using Equation (38); and (iv) the VD harmonized estimator

denoted &Y, with A = c0 and T equal to the estimate of the variance of 9(1”;) Figure 5a shows that

the bias of @YM is approximately linear in d1, and based on this fact harmonization can reduce the

bias of 9({”) under the SDM assumption (see Equation (34)). Figure 5b shows that the relative per-
formance of the estimators depends on J;. Figure 5¢ shows that harmonization with X chosen to
reduce bias (BD harmonization) or  chosen as the estimated variance of é’({+§) (VD harmonization)
produce similar estimates in the simulation scenarios that we considered. Online supplementary
material Figure S5 illustrates scenarios in which the SDM assumption is violated
(61:k=(0—-0.5, 6+0.5, 6—0.5, 6+ 0.5, 6—0.5) with d € [ — 1, 1]) and the harmonized esti-

mator presents lower RMSE than the RCT-only estimator despite postharmonization bias.

3.3 Propensity score weighting and harmonization

Statistical methods from the causal inference literature (Li et al., 2022) can be useful for combining
RCT and EC data. We discuss the harmonization (Equation (1)) of subgroup-specific effect
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estimates obtained through propensity score weighting to leverage RCT and EC data. In Section 4,
we use this approach to analyse GRM data

Here, we consider an initial estimate H ’”’ based on an inverse probability weighting scheme
(Lunceford & Davidian, 2004; Tipton, 2013) Other approaches, such as marginal structural
models (Cole & Hernan, 2008) and direct standardization (Robins, 1986; Snowden et al.,
2011), can be used. We refer to Li et al. (2022) and other reviews for discussions of the principles,
assumptions, and sensitivity of relevant causal inference methods. We consider again binary out-
comes, with the subgroup-specific treatment effects defined in Equation (31) and the overall treat-
ment effect defined as 0= r"6; ..
To compute 9‘{?’;’, we fit the logistic regression model (30), using weighted maximum likelihood,
and apply Equation (32) as in Section 3.2 to estimate treatment effects. The individual

log-likelihood contribution is multiplied by a Weight w(” or wie) , for RCT and EC patients, respect-

ively. In our implementation, the weights are w =1 for RCT patients and

p(W'e, X!
! =§1 ig(;(,tge)’;(?ﬁ) (39)

1

for EC patients, where p( W("’) X(e>) is an estimate of the propensity score that we compute through

standard logistic regression as in Tipton (2013). The constant  is selected to have max; ¥ < 1,
i.e. the RCT patients are weighted more than the the patients in the EC group. The ratio
(W, X)/(1 —p(W, X)) in Equation (39) has a straightforward interpretation. Indeed, if we multi-
ply it by 719 /n") we obtain an estimate of the ratio of the densities at potential (W, X) values in the
RCT and EC populatlons.

To harmonize 0{+,§ , we compute the treatment effect estimate 6, which is based on RCT data

only. We use 1 = oo, and X is selected with minor changes to the procedure discussed in Section 3.2:

(a) The working model to compute & '+I§ remains (30). Recall that we assign weights (39) to the

EC patients to compute the estimates (v‘{tﬁ , ;7]’” , By,

(b) We build on the same assumptions as in Section 3.2, including the data-generating model

(33). We focus on the parameterization (fz(lT:)K, ’A7(1’:)1<’ B™), with unknown bias components

01.x- The estimates (f/(f)K, ﬁ({)K,B’) are based on RCT-only regression. Under this data-

generating model 6, the limit of 191 K , 18 a function of 01:K-

The limit 6] ; can be computed for any (v1 K 711 B, d1.x) configuration by maximiz-
ing the weighted log-likelihood function with 4 x 7" + 2 x #® terms: 2 terms (Y =0orl)
for each patient in the EC group (weights: the individual u/i ) weights and the conditional
probability that Y(e) =0 or 1 are multiplied) and 4 (T, T" =0 or 1, and Y(') 0 or 1) for
each patient in the RCT group (weights w =1, the conditional probabilities that Y

0 or 1, and the probability of Ti =0 or 1 are multiplied). This approach assumes that the
distributions of biomarkers and covariates (X, W) in the RCT and EC groups match the
available empirical estimates.

(c) Lastly, we use the Taylor approximation ;¢ — 01.x = Bdi.x, where B =06 . /01.x. We
compute B through a weighted version of the analytic expressions that we used in Section
3.2 (see online supplementary material). As before, we select a matrix X that solves the equa-
tion 7 = kB 1y . Recall that with 1 = oo any X that solves the equation (i.e. BD harmoniza-
tion) defines the same harmonized estimator.

Alternatively, the analyst can choose X equal to the estimate of the variance of 01”; , using popular

sandwich estimators (Lunceford & Davidian, 2004) or bootstrap procedures. See online
supplementary material Figure S3 (Section S2.8) for similar comparisons of these estimators
that focus on the bias, variance, and RMSE when the trial size 7 = 100 is fixed (with 7' 0 =33
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and n(']) = 67), the EC sample size () increases from 33 to 627 (i.e. g = n<e())(n(eo) + n(’&)*1 increases

from 0.5 to 0.95) and the SDM assumption is violated. The bias and RMSEs of both the pooled
and harmonized estimators increase with 7(®. As expected this trend is less marked for the

harmonized estimator compared to the pooled estimator. Importantly, when 7' is large other def-

initions of 9(1’3?, beyond pooling (e.g. Bayesian estimators based on hierarchical borrowing or

power priors), can be used to reduce the outlined risks associated with distortion mechanisms
that violate the SDM assumption.

4 Analysis of GBM data

We apply the harmonized estimator described in Section 3.3 to a GBM trial. We include real-world
data in our analyses (Ventz et al., 2019). The data collection that we use has been previously de-
scribed (Rahman et al., 2023). We evaluate the harmonized estimator through a model-free resam-
pling scheme (Avalos-Pacheco et al., 2023; Ventz et al., 2022). The scheme is similar to
bootstrapping and it allows us to generate i silico RCTs and EC datasets. Using this resampling
scheme we can explore the operating characteristics of different methods and subgroup analyses.

Subgroup analysis is an important task in GBM trials. Preclinical data often suggest that the ef-
fects of experimental treatments might vary substantially across patient subgroups. Also, experi-
mental treatments might benefit only some groups. See Trippa and Alexander (2017) and
references therein for an extensive discussion. As an early example, we mention the Stupp et al.
(20035) phase III trial. The final analyses of this large trial provided evidence that temozolomide
combined with radiation therapy (TMZ + RT), which is the current standard of care in GBM, im-
proves survival compared to radiation therapy (RT) alone. Subsequent subgroup analyses (Stupp
et al., 2009) supported the hypothesis that the treatment benefit of TMZ + RT compared to RT
was limited to patients with MGMT-negative methylation status.

Data collection: In our analyses we used data from the phase Il AVAGLIO trial (profiles and
outcomes of 352 newly diagnosed GBM patients treated with TMZ + RT) and larger real world
data set from Dana-Farber Cancer Institute (including 532 newly diagnosed GBM patients treated
with TMZ + RT). We previously described these data collections in Rahman et al. (2023) and
Ventz et al. (2022). We use individual-level patient data. We consider as the primary outcome
12-month survival, i.e. Y; = 1 if the patient is alive 12 months after treatment initiation and Y; =
0 otherwise. For patients with a follow-up of less than 12 months we imputed their 12-month sur-
vival status using a Cox model (see online supplementary material Section S4.1 for details). In our
subgroup analyses we have K = 4 nonoverlapping subpopulations based on the patient’s MGMT
methylation status and their Karnofsky performance status (KPS) before treatment. The four
subgroups are as follows: (W; =1) MGMT-negative and KPS < 90, (W; =2) MGMT-negative
and KPS > 90, (W;=3) MGMT-positive and KPS <90, and (W;=4) MGMT-positive and
KPS > 90. The four subgroups have proportions (0.20, 0.47,0.10,0.23) in the trial and
(0.27, 0.30, 0.19, 0.24) in the real-world dataset, respectively. Relevant pretreatment covariates
used in our analyses include age, sex, and extent of tumor resection prior to the treatment. See
Ventz et al. (2019) and references therein for a discussion on relevant prognostic variables in
GBM. Based on the likelihood ratio test described in online supplementary material Section S3.
8, we did not find evidence of potential violations of the SDM assumption (p-value of 0.336).

Resampling: We use a resampling procedure (Avalos-Pacheco et al., 2023; Ventz et al., 2022)
similar to bootstrapping to generate in silico GBM RCTs. Specifically, we generate 1, 000 i silico
trials repeating the following steps:

) with replacement from the

i i

(a) Control arm. Sample n('(; =100 patient records (Y}’), win xt
actual control arm of the clinical trial.

(b) Experimental arm. Sample n(rl) =200 patient records (Ylm, th, XE”) with replacement
again from the actual control arm of the clinical trial.

(c) Treatment effects. Since we sampled the same group of patients treated with TMZ + RT to
generate the i silico control and experimental arms, in our computer experiments the treat-
ment effects are 0. = (0, 0, 0, 0). Positive treatment effects can be spiked in by extending
the survival in the iz silico experimental arm (Ventz et al., 2019).
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Figure 6. Boxplots illustrating the distribution of the 6, .« estimates across the 1,000 in silico GBM trials simulated
as we described.

(d) External data. Sample n(% = 600 patient records (Yl(-e), wie, Xi-e)) from the actual EC dataset.

1
(e) Estimation. Compute the subgroup-specific treatment effect estimates. We compare four
estimators:
(i) The pooled logistic regression estimator (Section 3.2, Equation (32)).

(ii) The propensity score weighted logistic regression estimator from Section 3.3, with
weights defined in Equation (39).

(iii) The harmonized estimator. We harmonize the weighted estimator as proposed in
Section 3.3. We use 4 = oo and specify X equal to the identity matrix (see Equation (35)).

(iv) An RCT-only estimator based on maximum likelihood under model (30), without EC
data.

We chose n?’()) =100, n”l) =200, and 79 = 600, realistic sample sizes close to the sizes of the source
data sets. '

Figure 6 shows the distribution of the 6. estimates across the i silico RCTs. In all four sub-
groups, the pooled estimator is the most biased. The propensity score weighted estimator slightly
reduces this bias, and harmonization further reduces the bias. We repeated the analyses imple-
menting the data-dependent selection of X to reduce bias as discussed in Section 3.3. The bias, com-
pared to harmonization with fixed T equal to the identity matrix, was reduced in three of the four
subgroups, with reductions up to 90%, while it remained nearly identical in one of the subgroups.
In addition, the propensity score weighted and harmonized estimators have similar variability. In
particular, the standard deviations of the weighted and harmonized estimators are, respectively,
0.092 and 0.097 in subgroup 1, 0.060 and 0.081 in subgroup 2, 0.125 and 0.122 in subgroup
3,and 0.065 and 0.073 in subgroup 4. Harmonization in our computer experiments produces es-
timates with lower variability compared to the RCT-only estimator, which is unbiased. For further
details on bias, variance, and RMSE in these simulations, see online supplementary material
Table S1 (in Section S4.2).

5 Discussion

Subgroup analyses have become an essential component of testing the efficacy and safety of new
experimental treatments in precision medicine. These analyses allow clinicians to identify subpo-
pulations that respond to novel therapies. However, conducting clinical trials with sample sizes
and rigorous statistical plans for accurate subgroup analyses is a challenging and costly task.
Compared to RCTs designed to estimate the average treatment effect in the overall study popula-
tion, trials designed to estimate subgroup-specific treatment effects require substantially larger
sample sizes.
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These challenges may be partially addressed by allowing subgroup analyses to incorporate ex-
ternal control data from past trials and electronic health records. This can be particularly valuable
for rare diseases and rare patient subpopulations. However, variations in the definitions of prog-
nostic variables across studies, unmeasured confounders, different measurement standards across
institutions, and other mechanisms can bias the research findings when external datasets augment
RCT data.

In this work, we introduced harmonized estimators for subgroup analysis that balance potential
efficiency gains from the integration of EC data and the risk of bias due to confounding and other
distortion mechanisms. The harmonized estimation procedure has two components: (i) an initial

estimator 9 ”E for the subgroup-specific treatment effects that leverages EC data and (ii) an esti-

mator 6" for the average treatment effect in the RCT across subgroups that does not involve the

use of external information. The proposed harmonization shrinks the initial subgroup-specific es-

7’+E

timates 0 towards a linear subspace of potential subgroup-specific treatment effects with a

prevalence welghted average concordant with the estimate 0" obtained using only the RCT

data. Any initial estimator 0 1< can be used and we provide strategies for selecting the parameters
Jand 2. For example, throughout this article, we discuss parameterizations chosen with the goal of

obtaining harmonized estimates &, ;. that are unbiased or approximately unbiased when the SDM

assumption holds. In Section 2.1, we described how under some regularity conditions this BD

0 1’+€

harmonized estimator can be viewed as a modified version of the estimator obtained by es-

timating and subtracting the bias y;.x = E(f)('“ ) — 01.x under the SDM assumption Similarly,

BD harmonization of estimators 0(1“,? based on GLMs (Section 3.2) subtracts from 6’]’? an esti-
mate of v, . Compared to other strategies to reduce or remove bias due to SDMs from subgroup
analyses (see online supplementary material Section S3.9 for an example), harmonization ensures
coherence between subgroup analyses and the primary analysis (i.e. 7rT(A9’1’:K =0").

We discussed harmonized estimators based on various outcome models, including MLE for the
linear and logistic regression models and procedures from the causal inference literature. We pro-
vided sufficient conditions to obtain BD harmonized treatment effect estimates. Using patient-level
data from brain cancer studies, we showed that, under realistic scenarios, the harmonized estima-
tor can reduce the mean squared error of the subgroup-specific treatment effect estimates by up to
50% compared to estimates that do not leverage external data. Moreover, our comparisons based
on brain cancer trial data showed a reduction in bias via harmonization of up to 86% compared to
treatment effects estimates that use propensity score weighting to combine external and RCT data.

In our work, we focused on harmonization with A = co to ensure that the harmonized estimates

& satisfy z7¢, ;. = 0. Moreover, taking 4 = oo and selection of ¥ based on Proposition 3 or
Equation (38), allows analysts to obtain a harmonized estimator that is unbiased (or approximate-
ly unbiased) when the SDM assumption holds. Alternatively, taking X as an estimate of the vari-
ance of 6+ has a Bayesian justification.

Harmonrzatlon is a procedure applicable to any subgroup analysis that involves RCT data and
ECs, including estimators 9”6 beyond those discussed in this article. In online supplementary

material Section S3.7, we descrlbe additional simulations in which harmonization improves

MSE and reduces bias of subgroup-specific estimates & ’+I§ obtained with (i) a Bayesian causal for-

est model (Hahn et al., 2020), (ii) a hierarchical model with borrowing of information across sub-
groups (Jones et al., 2011), and (iii) a propensity score adjusted power prior procedure (Lin et al.,
2019). In these simulations, we considered the same scenarios as in Sections 3.1 and 3.2 and com-
puted 9 r+e (the posterior mean of 61.x), which was then modified following the proposed har-
monlzatlon approach. The comparisons of the operating characteristics pre- and

postharmonization remained similar to what we illustrated throughout Section 3. In these cases,
it is challenging to analytically derive the bias of 9(1”1‘2 , but we can compute BD harmonized esti-

mators. This can be achieved by estimating the bias of 6 '+e with resampling procedures (see online
supplementary material Section $3.10). We also point 1nterested readers to online supplementary

material Section SS, where we discuss the bias of ¢ and &7 in the presence of unmeasured
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predictors. These results show that various estimators can be harmonized, and that harmonization

can improve their operating characteristics. In addition, harmonization can reduce the bias of 6(1’3?

in scenarios in which the model used for estimating the treatment effects 0. is misspecified.
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